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FREQUENCY STABILITY ANALYSIS 
OF THE 

GPS NAVSTARs 3 AND 4 RUBIDIUM CLOCKS 
AND THE 

NAVSTARs 5 AND 6 CESIUM CLOCKS 

INTRODUCTION 

The NAVSTAR Global Positioning System (GPS) is a Department of Defense (DOD) space- 
based satellite system. When operational in the late 1980s, 18 to 24 satellites in six orbital planes will 
provide accurate navigation information to users anywhere in the world. Examples of GPS use are 
weapons delivery, point-to-point navigation, search/rescue operations, and passive rendezvous. GPS 
can provide navigational updates to platforms with other navigational systems. 

One role of the Naval Research Laboratory (NRL) in GPS is to provide space-qualified atomic 
clocks for use in the NAVSTAR spacecraft. The responsibility of NRL includes preflight and postflight 
frequency stability analyses [1,2] to ensure that on-orbit accuracy and stability requirements are met. 

This report describes the on-orbit frequency stability performance analysis of the GPS 
NAVSTARs 3 and 4 rubidium clocks and the NAVSTARs 5 and 6 cesium clocks. Time-domain meas- 
urements, taken from the four GPS Monitor Sites (MS), have been analyzed to estimate the short- and 
long-term frequency stability performance of the NAVSTAR clocks. The results include long-term (1- 
to 10-day sample times) results for data collected during 1981, 1982, and the first 100 days of 1983. 
Short-term (900- to 7200-s sample times) results are presented for data collected during 1982 and the 
first 100 days of 1983. 

The first part of the report briefly describes the NAVSTAR GPS system with emphasis on the 
clock measurements. Equations are then presented which permit the separation of the orbital signal, 
and other smaller eff"ects, from the clock offset between a NAVSTAR clock and a GPS MS clock. A 
time-domain analysis of the NAVSTARs 3, 4, 5, and 6 clocks is then presented. The Allan variance is 
used as the measure of frequency stability in the time domain. The results presented include a time- 
domain noise analysis, to identify the random periodic noise processes that are present in the 
NAVSTAR cesium and rubidium clocks. Readers who are familiar with the mathematical theory of 
clock analysis may choose to proceed directly to the section on clock analysis results. 

GPS SYSTEM DESCRIPTION 

The NAVSTAR GPS system comprises three major segments: 

(a)  Control Segment , 

The current GPS Control Segment consists of a master control station (MCS), located at Vanden- 
berg, Calif, and four monitor sites. One MS is located adjacent to the MCS at Vandenberg; the remain- 
ing three remote monitor sites are located at Hawaii, Alaska, and Guam. These four stations track the 
GPS space vehicles (SV). Data from these sites are transmitted to the MCS and processed to deter- 
mine SV orbits and clock off'sets. A separate Satellite Control Facility is used to transmit commands 
and navigational information to the GPS spacecraft. 

Manuscript approved September 19, 1983. 
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(b) Space Segment 

During the period covered in this report, ^the GPS Space Segment constellation consisted of five 
NAVSTAR SVs; NAVSTAR-8 was launched on July 14, 1983. The launch dates and clock information 
are detailed in Table 1: 

Table 1—Launch Dates and Frequency 
Standard Type of NAVSTAR SVs 

GPSSV Launch Date Current 
Frequency Standard 

NAV-1 2/22/78 Quartz 
NAV-3 10/07/78 Rubidium 
NAV-4 12/11/78 Rubidium 
NAV-5 2/09/80 Cesium 
NAV-6 4/26/80 Cesium 
NAV-8 7/14/83 Rudibium 

Each GPS space vehicle continuously broadcasts spread spectrum signals in L-band. The center 
frequency values are at 1227.6 and 1575.42 MHz, which are designated as L^ and Li, respectively. The 
signal waveform is a composite of two pseudorandom noise (PN), phase-shift-key (PSK) signals 
transmitted in phase quadrature. These two signals are referred to as the P-signal and the C/A signal. 

The P-signal provides the capability for precise navigation, is resistant to electronic countermeas- 
ures (ECM) and multipath, and could be denied to unauthorized users by means of transmission secu- 
rity (TRANSEC) devices. 

The C/A signal provides a ranging signal for users whose navigation requirements are less precise. 
In addition, this signal serves as an acquisition aid for authorized users to gain access to the P-signal. 
The C/A designation indicates the clear and acquisition functions of this waveform. 

Orthogonal binary coded sequences, transmitted from each GPS satellite, provide a capability for 
identifying each individual satellite. This technique is known as Code Division Multiple Access 
(CDMA). By means of a correlation detector, one can measure the apparent time difference between 
transmission of the signal and arrival of the signal as determined by the user's receiver clock. This 
apparent time difference is composed of two parts—the signal propagation delay from the satellite 
transmitter to the user and the unknown offset of the user clock. Each GPS spacecraft transmits a 
navigation message which is modulated onto the signal and may be decoded and used in the calculation 
of the user's position, velocity, and clock offset. 

(c)  User Segment 

The GPS User Segment is composed primarily of users from DOD and the NATO community. 
Selective civilian use of GPS is being considered, with appropriate restrictions to limit the accuracy. 

A high accuracy GPS navigational solution is obtained from four simultaneous measurements of 
apparent time difference. These measurements are called pseudorange (PR) measurements because the 
signal must travel from the GPS spacecraft to the user's receiver, a distance of about 20,000 to 25,000 
km. Hence this delay is present in addition to the actual clock difference. The time differences are 
taken between the user receiver clock and each of the NAVSTAR spacecraft clocks. Using a 
computer-controlled receiver, the GPS user tunes and locks the GPS receiver to signals which are 
broadcast from the NAVSTAR SVs, and then makes four simultaneous PR measurements.  The four 
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NAVSTAR SV positions are calculated from the GPS navigation message, which is modulated onto 
each GPS signal. These four PR measurements are then used to calculate a navigational solution [3,4] 
for the user's latitude, longitude, height, and clock offset. GPS provides a near-instantaneous naviga- 
tion capability for users on a worldwide basis. 

A GPS navigational solution for the user's velocity and clock rate may be computed through the 
use of four additional simultaneous measurements of apparent frequency difference. These apparent 
frequency difference measurements are called pseudorange-rate (PR-rate) measurements, because the 
relative motion between the GPS spacecraft is present in addition to the clock rate difference. The 
basic GPS navigation solution for user position and clock offset is independent of the user's velocity 
and clock rate; however, the user's position is required for the velocity solution. Alternately, the solu- 
tion for velocity and clock rate may be estimated from two or more successive GPS position and clock 
offset solutions. 

GPS ON-ORBIT CLOCK ANALYSIS 

The GPS instantaneous navigation capability is possible because each NAVSTAR clock is syn- 
chronized to a common GPS time. The clock offset, orbital elements, and spacecraft health parameters 
of all spacecraft in the GPS constellation are periodically determined at the GPS master control station 
(MCS). These clock offsets, orbital elements, and spacecraft health parameters are then uploaded to 
each NAVSTAR SV and inserted into the GPS navigation message. Each NAVSTAR clock must then 
keep time, to within GPS specifications, until the next clock update. The time stability of a clock is 
related to its frequency stability; therefore, a fundamental measure of GPS clock performance is the 
frequency stability of the clock. The Allan variance is the statistical measure of frequency stability that 
is used for reporting clock performance. 

The procedure that has been devised at NRL [5,6] for determining GPS clock performance is 
presented in Fig. 1. The goal of this technique is to separate the clock offset from the orbital and other 
effects that are present in the GPS signal. This procedure utilizes a highly redundant set of PR, and 
PR-rate measurements, that are collected from all four GPS MS during 2-week intervals. This redun- 
dant set of measurements allows the determination of clock and orbit states that are independent of the 
GPS MCS realtime Kalman estimation procedure. A description of this technique follows, with 
emphasis on the variables related to clock performance analysis. 

Measurments of PR and integrated PR-rate are taken between the NAVSTAR SV clock and the 
MS clock by using a spread spectrum receiver. The MS receivers are capable of making measurements 
from four GPS SVs, simultaneously, whenever four or more SVs are above the MS horizon. The 
measurements are taken once every 6 s and then aggregated and smoothed once per 15 min. Figure 2 
presents a plot of a typical PR signature obtained from a single NAVSTAR satellite pass over an MS. 
Each measurement is corrected for equipment delay, ionospheric delay, tropospheric delay, earth rota- 
tion, and relativistic effects. The data are then edited and smoothed after subtracting the predicted SV 
ephemeris and clock offset, which removes most of the signal. Following the smoothing procedure, the 
predicted values are added to the smoothed values to produce the smoothed measurements. The clock 
offset is evaluated near the midpoint of the 15-min data span, using a cubic polynomial model and both 
the PR and the PR-rate measurements. 

The PR measurements are resolved to 1/64 of a P-code chip, which corresponds to 1.5 ns of time, 
or 46 cm in range. Nominal values of PR noise levels are o-pR = 1.3 m for the Li measurements, and 
o-pR = 2.0 m for the L2 measurements. The Lj and L2 measurements are combined to correct for 
ionospheric refraction, which results in an increase to o-pR = 4.53 m for the corrected PR measure- 
ments.   The accumulated APR measurement noise levels are 0.31 cm for L\ and 0.56 cm for L2. 
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Fig. 1 — NRL on-orbit clock performance analysis procedure 
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Fig. 2 — Typical NAVSTAR-4 pseudorange signature 

These measurements are also combined to correct for ionospheric refraction. The smoothing procedure 
uses the PR-rate measurements to aid in the PR smoothing of each 15-min segment of data. This pro- 
cess [7] results in a smoothed PR measurement noise level of 18.5 cm. 

The equation that relates the PR measurement to the clock difference between the NAVSTAR SV 
clock and the MS clock is 

where 

PR = R + C(/MS - 'sv) + ciU + € 

PR is the measured pseudorange, 
R is the slant range (also known as the geometric range) from the SV 

(at the time of transmission) to the MS (at the time of reception). 

(1) 
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c is the speed of light, 
?MS is the MS clock time, 
rsv is the SV clock time, 
(4 is ionospheric, tropospheric, and relativistic delay, with corrections for 

antenna and equipment delays, and 
€ is the measurement error. 

The clock difference, Usv - t^s), is obtained by dividing by c—the speed of light—and rearrang- 
ing Eq. (1) into 

('sv - 'MS) - R/c + U+ 6/c - PR/c. (2) 

In Eq. (1), the PR is a measure of distance, typically expressed in km. In Eq. (2), the unit of measure 
is time, typically expressed in ms. 

The clock difference (/sv - 'MS) niay be defined as a new variable, xU^), so that 

xUk)~Usv- tMs)- (3) 

In this report, the subscript k is used to denote the time of measurement as determined by the 
MS clock. This definition of xit^) is made so that the clock difference notation will agree with refer- 
enced literature; the clock difference is also denoted by the variable A^^, so that 

Aft= Osv-'MS)- ^*) 

The variables xit^) and Ar^ are equivalent; the choice of variable will be one of convenience. 

All of the smoothed PR measurements from the four GPS monitor sites are collected at the GPS 
MCS. These measurements are processed to produce a real-time estimate of each of the NAVSTAR 
clock and ephemeris states. These smoothed measurements are further processed in postflight analysis 
to produce a smoothed estimate of the NAVSTAR ephemerides. 

The realtime estimates of the NAVSTAR SV clock and ephemeris states are made using a Kalman 
[8,9] estimator which has been adapted for GPS use [10]. The success of the estimation technique is 
critically dependent on the stability of the NAVSTAR SV and MS clocks. For example. Fig. 2 presents 
the time delay that occurs as the NAVSTAR signal travels from the spacecraft to a GPS MS. This 
figure indicates a change in apparent time differences of 15 ms (or 15,000,000 ns) during the first 3 h 
of this NAVSTAR pass. Current GPS specifications call for a maximum clock uncertainty of about 5 ns 
during the pass. If the NAVSTAR SV clock does not meet this specification, then the Kalman estima- 
tor has difficulty in separating the orbit part of the GPS signal from the clock noise. Equation (2) 
shows that the MS clock has the same weight in the measurement as the NAVSTAR clock; therefore, it 
is highly desirable to have an MS clock of equal or better time stability at each GPS MS. 

Smoothed estimates for the NAVSTAR orbits are routinely made by the Naval Surface Weapons 
Center (NSWC), using an orbit estimation program [11]. The model includes dynamics of the satellite 
motion, solar radiation pressure, pole wander, earth tides, and orbit adjust maneuvers. The smoothed 
orbits are made once per week, using all available observations for a 2-week span from each of the four 
GPS monitor sites. The PR measurements are differenced to compute A PR values which are used as 
the measured quantity in the NSWC program. The model incorporates a segmented bias parameter 
solution, with analysis of the resulting residual patterns of the smoothed orbit estimation. 

The major advantage of the smoothed orbit estimate, over the Kalman realtime estimate, is the 
production of a smoothed orbit which is almost completely determined by the data, without restrictive 
assumptions on the uncertainty in clock and orbit states. 
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TIME-DOMAIN CLOCK ANALYSIS 

GPS operation requires that the on-orbit NAVSTAR SV clocks keep the current GPS time. 
Because the clocks are periodically updated, it is important to evaluate clock performance as a function 
of the sample time T, which is the difference between two successive values of running time. 

Given two clock measurements, xit^) and xitj), which were made at running times t^. and f, (by 
the GPS MS clock), the sample time T is given as 

T = (/, - tj). (5) 

This sample time is varied from 900 s to 10 days (in this report) to evaluate clock performance. 

One clock model used to describe the NAVSTAR clock as a function of time is a quadratic equa- 
tion of the form 

xU) = xo(ro) + >'o(^o)(' - ^o) + ^°^'°^ 2 " '°^' -^ ^^'^- ^^^ 

In Eq. (6), xo(fo) is the initial clock offset, >'o(^o) is the clock rate (also known as the fractional 
frequency offset), ^0(^0) is the drift in the fractional frequency (also known as the aging rate), and e(r) 
is the error term. 

By choosing T = it - IQ) and omitting the error term, Eq. (6) can be written as 

; ^U)^xoUo)+yo(to)r + ^^^^. (7) 

By holding the value of T fixed, and evaluating Eq. (7) for many data samples, the statistical error in 
the clock coefficients and the error term can be estimated. 

The measure of clock performance used in the analysis of this report is the Allan variance [12], 
which is defined by 

(T 
(^) = ^Y^+L-^ll^ (8) 

where y^, denotes the average fractional frequency, r denotes the sample time, and the brackets < > 
denote the infinite time average. Two other parameters are involved in the Allan variance analysis. 
The first parameter is the repetition interval T, which is equal to the sample time in Eq. (8). The other 
parameter is //,, the system noise bandwidth, which does not explicitly appear in the Allan variance 
equation. The system noise bandwidth is receiver dependent, and depends upon user dynamics. Infor- 
mation on the GPS MS receivers may be found in Ref. 13. 

The fractional frequency, denoted by the variable y, is given by 

y^ ^^LU± (9) 
wo 

where v is the instantaneous frequency, and 1^0 is the reference, or nominal frequency. The average 
fractional frequency, denoted by y^^, is given by 

y,-\S',f\^t)dt. (10) 



NRL REPORT 8778 

Equation (10) shows that y/^ depends on ti^ and T, as well as yit); so y^ could be written as yUk,T) to 
show this dependence. The values for J^ used in this report are obtained from values of clock offset 
xitif) computed according to Eq. (3). The average frequency yi^ may be evaluated in terms of xit), as 
given by 

yk=-lx(t, + T)-x(t^)]. (11) 
T 

The infinite time average required in Eq. (8) for the Allan variance is, of course, unobtainable in 
the real world. Therefore, a finite approximation of the Allan variance, given by Eq. (12), is used. 

-.(2.r,M) = -^^^—^   £  2 • "2^ 

The arguments of the finite approximation, a-y(2,T,M), are 2, T, M, respectively. The number 2 
specifies that pairs of fractional frequencies are used, r denotes the sample time, and (M — 1) denotes 
the number of frequency pairs. 

The difference between a-yir) and (TJ{2,r,M) is that a-jir) is the desired quantity defined by an 
infinite series and O-^(2,T,M) is a partial series obtained from a finite number of data points. The use 
of a finite number of data points does not introduce any bias in the estimate of cry(j) [14]. The ratio 
of the variables^_^(2,T,M) and a-jir) is used in establishing confidence limits for a-jir). 

The convergence of this finite-sample average, a-yil.T.M)-, towards a theoretical limit has been 
investigated by Lesage and Audoin [14]. The confidence of this quantity as a measure of a-jir) has 
also been investigated by Lesage and Audoin [14] and Barnes [15]. These theoretical results indicate 
that a high-confidence estimate of (TJ{T) may be obtained through the use of large data bases, which 
result in a large number of frequency pairs. In practice it is desirable to have a data base length which 
is at least 10 times larger than the sample time. 

The square root of the Allan variance is called the Allan deviation. The Allan deviation is defined 
as 

,{T) = WKr)VI\ (13) 

ALLAN VARIANCE SET SELECTION CRITERIA 

The GPS measurements may be aggregated into sets for the short- and long-term frequency sta- 
bility analysis. Figure 3 presents a flow diagram of this procedure. The smoothed PR measurements 
are combined with the reference ephemeris to produce smoothed clock offsets. Each smoothed meas- 
urement is obtained from up to 150 6-s PR and 149 APR measurments. This procedure includes 
corrections for ionospheric, tropospheric, and equipment delays, and also for relativity effects. The set 
selection criteria are then applied to construct subsets of clock offset values, [xUk)), which are then 
used to produce the ajir) Allan variance values. 

For the short-term frequency stability analysis, the 0-^(7) is computed from the set of smoothed 
clock offsets, using one or more satellite passes. Figure 3 indicates that sets of 5, 10, or more days 
have been used to compute one value of a-jir). 

Figure 4 presents an example of a 5-day set of NAVSTAR-3 observations as recorded at the Van- 
denberg MS. The plot presents the elevation angle of NAVSTAR-3 as a function of time for 5 days 
beginning at day 180. The elevation angle is computed every 15 min and is plotted as a dot on Fig. 4. 
Inspection of this plot indicates that a partial pass may occur at the beginning or end of the 5-day set. 
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Note the repeating pass signature in Fig. 4 which is characteristic of all GPS orbits. This repeating 
signature is a result of the 12-sidereal-h GPS orbits which produce repeating ground tracks. Therefore 
the number of points-per-pass remains constant. For example, in Fig. 5, 28 sets of 15-min data are 
available from this NAVSTAR-3 pass over the Vandenberg MS. A 5-day set would contain approxi- 
mately 140 data segments which could be used to obtain smoothed NAVSTAR clock offset values. 
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Fig. 5 — NAVSTAR-3 elevation angle vs time, for one pass 

The 5-day set has been chosen for use in this report because of a tradeoff between the confidence 
in the Allan variance and the length of the set. The primary reason for choosing the shortest set possi- 
ble is to see changes in the NAVSTAR clocks as a function of time. The reason for choosing longer 
sets is to increase the total number of samples in each a-yir) calculation. 

The number of a-yir) values that are calculated may be maximized, using a procedure based on 
the one given in Ref. 15. This procedure involves defining a base sampling time TQ, which is defined as 

To=MIN{   (t^- tj): j9^ k ]. (14) 

For the short-term frequency stability results, a nominal base sampling time of 15 min (or 900 s) will 
be used. For the long-term frequency stability results, a base sampling time of 1 day will be used. 
Multiples of the base sampling time may be calculated according to 

T = riTQ 

where the variable n takes on integer values 1,2,.... A maximum value of « = 8 will be used for 
the short-term frequency stability analysis, and n = 10 for the long-term frequency stability analysis. 
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The number of clock offsets in a set will be denoted by the variable N. Assuming that all of the 
clock offsets are equispaced at sample time T, the total number of Allan variance O-_^{T) values (with 
maximal use of data) is given by the expression {N - 2n). This is not the case with the data used in 
this report due to the nature of the GPS orbits. For both the short- and the long-term processing algo- 
rithms, each sample time is calculated according to Eq. (5) and each fractional frequency is calculated 
according to Eq. (11). 

A calculation has been performed to produce typical values for the confidence in O-^(T). The 
a-yir) value is then converted to the Allan deviation a-yiT) according to Eq. (13). Most of the refer- 
ence literature expresses frequency stabilities in terms of 0-^,(7) rather than (r^ir). 

The confidence limits are calculated according to the method outlined in Ref. 15, using a white 
noise FM process, because this is the dominant noise type that was encountered in the short-term fre- 
quency stability values. The confidence limits for a 95% confidence level, calculated for a 5-day set 
(Fig. 4), are presented in Table 2. These calculations have been made assuming 25 points-per-pass; 
however, the total number of samples for the 5-day set has been modified to account for the pass-to- 
pass break in the data which effectively reduces the number of samples that may be computed. 

Table 2 — 95% Confidence Limits for a 5-Day Set 
and a White Noise FM Process 

Sample Time 
(h) 

Confidence Limits Number of 
Samples 

Degrees 
of 

Upper Lower cr?(r) Freedom 
0.25 1.189 0.816 115 76 
0.5 1.211 0.798 105 63 
0.75 1.253 0.772 95 47 
1.00 1.299 0.748 85 36 
1.25 1.344 0.726 75 29 
1.5 1.403 0.702 65 23 
1.75 1.444 0.687 55 20 
2.00 1.499 0.669 45 17 

The typical confidence limits may be used to separate random sampling fluctuations from sys- 
tematic changes in clock behavior, or other changes in clock performance. For example, if a stability of 
1 X 10~^^ was computed for a 0.25-h sample time, the upper 95% confidence would be (1 x 10"'^) x 
(1.189) = 1.189 X 10~'l A sequence of Allan deviations, computed using successive 5-day sets, could 
then be analyzed using these 95% confidence limits as a guide to separate random sampling from sys- 
tematic and other effects. Further inspection of Table 2 indicates that for sample times greater than 2 
h, larger sets would be required to produce acceptable confidence limits in a-yir) values. 

The O-J(T) obtained from successive 5-day sets can be further averaged to obtain one value for 
the entire data span. For a 1-yr data span, seventy 5-day sets would be available for the a-^ir) calcula- 
tion. Multiplying the degrees of freedom for a typical 5-day set (Table 2) by seventy 5-day sets per yr 
results in at least 1000 degrees of freedom for a 2-h sample time, and at least 5000 degrees of freedom 
for a 15-min sample time. Now, using a sample a-yir) of 1 x 10"^^ and the tables from Ref. 15, the 
95% confidence limits would be about ±4 x 10~", or better, for the short-term a-yir) values. 

For the long-term (1- to 10-day sample times) frequency stability analysis, one pass of a 
NAVSTAR SV over an MS is used as an operational set-selection criterion. Figure 6 depicts one pass 
of NAVSTAR-6 as observed from the Vandenberg MS. By using the set of clock offsets from one 
pass, a single value of clock offset is computed for the pass. The epoch for the calculation is chosen to 
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06 

be the time of closest approach (TCA) of the spacecraft to the MS. This value of clock oifset is 
denoted as X(?XCA)- ^ least square objective function is used with data editing to identify and remove 
statistical outliers and to limit the set to points within ±1.5 h of TCA. In addition to this procedure, a 
pass-to-pass constraint on the sample time T must be met before a-^ij) can be computed. 

For the long-term frequency stability values, two types of noise processes were encountered— 
random walk FM for the NAVSTAR rubidium clocks and flicker noise FM for the NAVSTAR cesium 
clocks. Tables 3 and 4 present the 95% confidence limits for a 1-yr data set, assuming no pass-to-pass 
break in the data. 

Table 3 — 95% Confidence Limits for a 1-yr Set 
and a Random Walk FM Noise Process 

Sample Time 
(days) 

Confidence Limits 
_ _        1 

Number of 
Samples 

Degrees 
of 

Freedom Upper Lower 
1 1.07 0.93 363 364 
2 1.09 0.91 361 180 
3 1.15 0.89 359 119 
4 1.17 0.87 357 88 
5 1.20 0.86 355 70 
6 1.22 0.84 353 58 
7 1.25 0.83 351 49 
8 1.27 0.82 349 42 
9 1.32 0.81 347 37 

10 1.33 0.80 345 33 
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Table 4 — 95% Confidence Limits for a 1-yr Set 
and a Flicker Noise FM Process 

Sample Time 
(days) 

Confidence Limits 
1 

Number of 
Samples 

Degrees 
of 

Freedom Upper Lower 

1 1.07 0.92 363 315 
2 1.08 0.91 361 224 
3 1.13 0.90 359 148 
4 1.15 0.89 357 110 
5 1.17 0.87 355 87 
6 1.20 0.86 353 72 
7 1.22 0.85 351 61 
8 1.24 0.84 349 53 
9 1.25 0.83 347 47 

10 1.27 0.83 345 42 

CLOCK ANALYSIS RESULTS FORMAT 

Two types of plots are used to present the NAVSTAR time-domain clock data. The first type of 
plot presents the Allan deviation, a-ylr), as a function of sample time, T. Figure 7 illustrates this type 
of plot, using typical frequency stability data model curves for the NAVSTAR SV rubidium and cesium 
clocks, and the MS cesium clocks. The frequency stability model curves do not include the random 
effects of the orbital dynamics, ionospheric and atmospheric delay, relativistic effects, or the PR mea- 
surement system. 

The independent variable in Fig. 7 is the sample time, which ranges from 10^ to 10^ s. This range 
covers all but 900 s of the sample times used in this report. The model may be extended to 900 s by 
extrapolation. The longest sample time used is 10 days (8.64 x 10^ s). 

GPS 
CLOCK ANALYSIS 

le 

18' 
IB 

 T— r-; 
10* 10- 

SOr^'LE  TIME   IN  SECOWDS 

10' 

Fig. 7 — Typical frequency stability vs sample time values 
for rubidium and cesium clocks 
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The frequency stability model curves may also be used to analyze different noise processes that 
occur in GPS clocks. In general, five different noise processes are sufficient [16] to describe the ran- 
dom periodic effects encountered in cesium, rubidium, and quartz clocks. These five noise processes 
are obtained using three types of random noise, and two types of signal modulation. The three noise 
processes are white noise, flicker noise, and random walk. The two types of modulation are phase 
modulation (PM) and frequency modulation (FM). The resulting five types of noise processes are 
white noise PM, white noise FM, flicker noise PM, flicker noise FM, and random walk FM. A time- 
domain noise process analysis of the on-orbit NAVSTAR clock data will be presented for NAVSTARs 
3, 4, 5, and 6. 

The second type of plot used presents the a-yir) averaged over consecutive 5-day sets, as a 
function of running time. Figure 8 illustrates this type of plot, presenting results obtained between the 
NAVSTAR-3 rubidium clock and the Vandenberg MS clock. Sixty-four 5-day sets were used to pro- 
duce these a-y(r) values for a 900-s sample time. 

The 1-yr a-yir) value may be used with the 95% confidence limits to detect changes in clock per- 
formance. By using a ayir), calculated from a 1-yr mean cr^ir), as a reference point, the 95% 
confidence limits (from Table 5) are plotted as straight line segments on Fig. 8. Inspection of Fig. 8 
indicates that all 5-day a-yW) values are within the 95% limits, except two points between days 244 and 
255, 1982. 

Both types of time-domain presentations are used to analyze the NAVSTAR clock results. 
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Fig. 8 — Typical frequency stability vs running time values, using 5-day sets 
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NAVSTAR-3 Clock Results 

The NAVSTAR-3 data for 1982 and part of 1983 are presented in Plots 1 through 19. The clock 
drift, presented in Eq. (6), has been removed from the data for calculating the long-term results. Plots 
1 through 10 reference the Vandenberg MS; Plots 11 through 13, the Guam MS; Plots 14 through 16, 
the Hawaii MS; and Plots 17 through 19, the Alaska MS. 

Plot 1 presents the NAVSTAR-3 frequency stability data for sample times ranging from 900 s to 
10 days. The numeric values for every point are tabulated above the plot. The first heading lists the 
sample times in hours, ranging from 0.25 to 2 h. These times correspond to sample times of 900 to 
7200 s, respectively. The 2-row sets of values present the ayir) in units of parts per 10", designated 
as (PP13) and the average number of points per 5-day data set used in the calculation for each sample 
time. The legend symbol at the beginning of each 2-row set is used to allow easy identification of its 
plotted values which are connected by solid lines. The set descriptor, V82-305, may be decoded as 
Vandenberg MS, 1982, NAVSTAR-3 SV, 5-day sets. 

Similarly, in Plot 1, the second heading Usts the sample times, ranging from 1 to 10 days. Here, 
the O-VCT) is expressed in units of parts per lO'"* (PP14) and the number of points is the total number 
in the data set for each sample time. The set descriptor, VAN-382, can be decoded as Vandenberg MS, 
NAVSTAR-3 SV, 1982. 

Plot 2 presents the (T/T) values vs time, for a 900-s sample time, during 1982. Each point was 
obtained from a 5-day set. The average number points per 5-day set used in the Allan deviation calcu- 
lation is listed in the third row of Plot 1. For the 1982 data, sixty-four 5-day sets were used. Plot 1 
indicates that an average of 83 points per 5-day set was used in the O-^(T) calculation. Thus each point 
in Plot 2 has a nominal confidence corresponding to 83 points, while the O-_^(T) value in Plot 1 has a 
confidence corresponding to 83 points/set x 64 sets = 5312 points. 

The Allan deviation for the 900-s sample time for the entire year of 1982 is listed in the second 
row of Plot 1. This value is 21.3 x lO'l 

Plot 3 presents stability data for the first 100 days in 1983 with a 900-s sample time. This data is 
consistent with the 1982 data. 

Plot 4 presents the 1800-s sample time stability result obtained during 1982. The stability data for 
the first half of 1982 appear to have less noise than the remaining half of the year. 

Plot 5 presents the 2700-s sample-time frequency stability results for 1982. These data also indi- 
cate a slight increase in noise after the first half of 1982. 

Plot 6, for a 1-h sample time, indicates an increased noise level for the entire year. Plots 1, 7, 8, 
9, and 10 show that the noise increases to a maximum value of 17.1 x 10"" at a 1.25-h sample time. 
This increased noise could be due to either the NAVSTAR-3 clock, or the Vandenberg MS clock. 
Comparisons are made with data from other monitor sites to determine the source. 

Plots 11 through 13 present the NAVSTAR-3 ayir) vs time results, referenced to the Guam MS. 
For brevity, only plots for the 900-s stability data for 1982 and 1983 are presented. The numeric values 
for every value of a-yir) are presented in Plot 11. The results are similar, with the anomaly in short- 
term stability occurring at a sample time of 1.5 h, with a stability of 22.5 x 10~". 

Plots 14 through 16 present the NAVSTAR-3 a-yir) vs time results, referenced to the Hawaii MS. 
These results indicate a peak stability of 19.9 x 10~" for a 1.25-h sample time.   The NAVSTAR-3 
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results, referenced to the Alaska MS, are presented in Plots 17 through 19. The maximum value of the 
noise is 17.3 x 10~" at 1.25-h sample time. 

Figure 9 presents a 1982 composite of all four monitor sites vs NAVSTAR-3. A station-ensemble 
plot for each of the four NAVSTAR clocks are included following the NAVSTAR 4, 5, and 6 results 
referenced to individual monitor sites. 

Analysis of Fig. 9 indicates an unexpected increases in the short-term NAVSTAR-3 a-yir) (refer- 
enced to all monitor sites) that peaks at a sample time of 1.25 to 1.5 h. Therefore, this increase in 
noise is due to the NAVSTAR-3 clock rather than to one of the MS clocks. 
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NAVSTAR-4 Clock Results 

The NAVSTAR-4 results are presented in Plots 20 through 38. The clock drift has been removed 
from the data for the long-term calculations. Plots 20 through 29 reference the NAVSTAR-4 clock to 
the Vandenberg MS clock. Similarly, Plots 30 through 32 reference the Guam MS; Plots 33 through 
35, the Hawaii MS; and Plots 36 through 38, the Alaska MS. 

The (j (T), as a function of sample time, referenced to the Vandenberg MS, is presented in Plot 
20. Plot 21 presents the <Ty(T) vs time values for 1982 for the sample time of 900 s. Plot 22 presents 
the results for the first 100 days of 1983. This plot indicates an anomaly after day 45. Plots 23 through 
29 present the 1982 results for sample times of 1800 to 7200 s. 

Figure 10 presents a 1982 composite plot of all four monitor sites vs NAVSTAR-4. The small 
change in slope at 2700 s is the only possible anomaly in the 1982 short-term frequency stability data. 
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NAVSTAR-5 Clock Results 

The NAVSTAR-5 results are presented in Plots 39 through 64. Plots 39 through 41 reference the 
NAVSTAR-5 clock to the Vandenberg MS clock. Plots 42 through 58 reference the Guam MS; Plots 
59 through 61, the Hawaii MS; and Plots 62 through 64, the Alaska MS. 

The (Tyir) results, as a function of sample time, referenced to the Vandenberg MS, are presented 
in Plot 39. Short-term results are presented for 1982 and the first 100 days of 1983. Long-term results 
are presented for 1981, 1982, and the first 100 days of 1983. 

A comparison of the 1982 and 1983 short-term results indicates an increase in noise in 1983 for 
all sample times between 900 s and 7200 s. This increase in noise can be further analyzed by referring 
to the <Ty(r) vs time plots. Plot 40 indicates a small increase in noise at day 180 of 1982. Plot 41, 
which is a continuation into 1983, indicates the same trend that began during 1982. 

The long-term results, referenced to the Vandenberg MS, are also presented in Plot 39. For sam- 
ple times ranging from 1 to 10 days, all stability values are between a peak of 26 x 10~** and a 
minimum value of 11 x 10"'*. 

Comparison of the 1981 and 1982 long-term stability values indicates close agreement for sample 
times of T = 1 to 3 days. The stability values for 1981 indicate more noise for sample times of 4 to 10 
days. 

The 1983 stability results indicate more noise for sample times of 1 and 2 days. For 3- to 10-day 
sample times, the results are in close agreement with the 1982 values. 

Figure 11 presents a 1982 composite plot of all four monitor sites vs NAVSTAR-5. The short- 
term results, referenced to the Guam MS, display a departure from the remainder of the data, begin- 
ning at the 2700-s sample time. 
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NAVSTAR-6 Clock Results 

The NAVSTAR-6 results are presented in Plots 65 through 90. Plots 65 through 67 reference the 
NAVSTAR-6 clock to the Vandenberg MS clock. Plots 68 through 84 reference the Guam MS; Plots 
85 through 87, the Hawaii MS; and Plots 88 through 90, the Alaska MS. 

Plot 65 presents the NAVSTAR-6 frequency stability, referenced to the Vandenberg MS, for sam- 
ple times ranging from 900 s to 10 days. The NAVSTAR-6 frequency stability results are close to the 
model values for the SV cesium. The short-term values are larger than the model values by about 1 x 
10~^^. The long-term values are in good agreement for sample times of 2 to 3 days. The stability 
values for 3 to 10 days indicate better performance than the SV cesium model. 

A comparison of the NAVSTAR-6 long-term frequency stability results indicates improved stabil- 
ity as a function of year. That is, the 1983 stability is better than that of 1982, and the 1982 stability is 
better than that of 1981. 

Plots 66 and 67 present the a-yiT), calculated over 5-day sets, as a function of time. A small 
increase in noise was first noticed near day 180 of 1982. 

Plot 68 presents the NAVSTAR-6 frequency stability referenced to the Guam MS, for sample 
times ranging from 900 s to 10 days. 

The short-term stability values for 900- and 1800-s sample times are in good agreement with the 
SV cesium model. The values are offset from the model by about 1 x 10~'l 

For sample times of 2700 s to 7200 s, the 1982 and 1983 results indicate an unexpected increase 
in noise. 

The long-term stability values are close to the SV cesium model values for sample times of 1 and 
2 days. The NAVSTAR-6 results for sample times of 3 to 10 days indicate better performance than the 
SV cesium model. 

Comparison of the 1982 and 1983 long-term stabilities indicate that the 1983 performance is 
better than that during 1982. 

Plots 69 and 70 present the NAVSTAR-6 ayir), calculated over 5-day sets, as a function of time. 
Plots 71 and 72 present the results for a 1800-s sample time. The 2700 through 7200-s sample-time 
results, presented in Plots 73 through 84, indicate a departure from the slope of the SV cesium model 
curve. 

Plot 85 presents the NAVSTAR-6 frequency stability, referenced to the Hawaii MS, for sample 
times ranging from 900 s to 10 days. 

The short-term stability results are nominal for sample times up to 3600 s. A small change in 
slope is noted for sample times between 4500 and 7200 s. 

The long-term stability values are close to the SV cesium model values for sample times of 1 to 2 
days. For sample times of 3 to 10 days, an improvement in stability is observed with respect to the SV 
cesium model. The 1983 stability results are better than those of 1982. 

Plot 88 presents the NAVSTAR-6 frequency stability referenced to the Alaska MS clock. The 
1983 performance is better than that of 1982, with a possible anomaly occurring at the 4500-s sample 
time. 
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Figure 12 presents a 1982 composite plot of all four monitor sites vs NAVSTAR-6. A similar 
anomaly in the Gaum MS clock for sample times of 2700 to 7200 s occurs in both the NAVSTARs-5 
and 6 analysis. Since it does not occur using NAVSTAR-3 or 4 data, this anomaly is, as yet, 
unresolved. 
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MONITOR STATION ENSEMBLE CLOCK ANALYSIS 

The individual NAVSTAR clock analyses for 1982 may be performed using combined data from 
all four GPS monitor sites. Ensemble-average values of a-^ir) have been calculated to determine 
correlated effects. 

Figures 13 through 16 present the MS ensemble-average O-^(T) VS sample time for NAVSTARs 3, 
4, 5, and 6, respectively. 

Each of the line segments connecting two values of a-yir) may be fitted to an equation of the 
form given by Eq. (15). 

a}{r) = a{ry. (15) 

In Eq. (15), the Allan variance, a-yM, is modeled as a constant a, which is multiplied by the sample 
time T raised to some power /x. The results for a station ensemble vs NAVSTAR-3 are presented in 
Table 5, using the 1982 data, and six line segments from Fig. 13. Table 5 lists the coefficient a, the 
exponent n, and the two pairs of (T, a-yir)) values that were used to solve for the model values. 

For NAVSTAR-4, the 1982 short-term stability results (Fig. 14) indicate two distinct power-law 
segments, with a possible third segment between 900 s and 1800 s. Table 6 presents the power-law 
coefiBcient and exponent values for these three segments plus the two segments for the long-term sta- 
bility results. 

For NAVSTAR-5, the 1982 short-term stability results indicate two distinct segments, with an 
additional change in slope (exponent fi) occurring at a sample time of T = 1800 s. Table 7 includes the 
power-law coefficient and exponent values for the five segments pictured in Fig. 15. 

The 1982 NAVSTAR-6 station-ensemble results are presented in Fig. 16. Table 8 lists the model 
values for three short-term and three long-term stability segments. 

Figure 17 presents a stability-vs-sample-time rubidium composite plot of the four-station- 
ensemble curves for NAVSTARs 3 and 4. Table 9 lists the power-law coefficient, exponent, and data 
values for the five segments of combined-data values, with a separate tabulation for the NAVSTAR-3 
anomaly segments. 

A cesium stability-vs-sample-time presentation appears in Fig. 18 which shows the four-station- 
ensemble curves for NAVSTARs 5 and 6. Table 10 includes the model values for the five combined- 
data segments. 

Figure 19 shows the stability-vs-sample-time composite plot of the station-ensemble curves for 
NAVSTARs 3, 4, 5 and 6. The three short-term data segments are averaged with the resulting power- 
iaw model values listed in Table 11. Also, values for a theoretical segment connecting the 900-s and 
1-day sample times are included. It is seen that the calculated values of a and /u. are very close to those 
for the 900- to 1800-s segment, indicating an underlying white noise FM process for sample times rang- 
ing from 900 s to 1 day. 

Analysis of all NAVSTAR short-term stability presentations indicates that, for sample times of 
900 and 1800 s, good agreement exists between measurements from all sites. From 2700 to 7200 s, 
three unexpected effects are noted. The most obvious is the signal present in NAVSTAR-3 data from 
all sites, which reaches a maximum value at 1.25- to 1.5-hour sample time as seen in Figs. 9 and 13. 
The second effect noted in Figs. 11 and 12, for NAVSTARs 5 and 6, is the change in slope of the 
Guam MS short-term frequency stability measurements. These values were omitted from the ensemble 
value computation. The third effect is the lack of correlation of this effect with the NAVSTAR-4 data. 
These last two eff'ects suggest that more than one factor is present. 
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Fig. 15 — NAVSTAR-5 frequency stability vs sample time, monitor site ensemble 
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Table 5 - NAVSTAR-3 vs Station Ensemble-1982. 
Model 0-^2 (T) = a(TK 

Solution Data 
CoeflBcient Exponent (TI. O-J,(TI)) (T2.   0-3, (T2)) 

a M seconds PP10(13) seconds PP10(13) 

4.48 X 10-20 -1.35 900 21.40 1,800 13.40 

2.71 X 10-22 -0.67 1,800 13.40 2,700 11.70 

3.03 X 10-3' 1.94 2,700 11.70 4,500 19.20 

4.96 X 10-21 -0.86 4,500 19.20 7,200 15.70 

4.36 X ir^i 0.90 86,160 1.11 516,960 2.49 

6.69 X 10-2^ 0.17 516,960 2.49 861,600 2.60 

Table 6 - NAVSTAR-4 vs Station Ensemble-1982. 
Model (TJ{T) = a{Ty. 

Solution Data 
CoeflScient Exponent (TI, (Tyiri)) (T2,   (TyiT-^) 

a M seconds LPP10(I3) seconds PP10(13) 

1.29 X 10-20 -1.17 900 21.30 1,800 14.20 

7.37 X 10-22 -0.79 1,800 14.20 3,600 10.30 

4.38 X 10-2* -0.17 3,600 10.30 7,200 9.70 

6.26 X 10-30 0.70 86,160 1.34 516,960 2.51 

3.34 X 10^25 -.13 516,960 2.51 861,600 2.43 

Table 7 - NAVSTAR-5 vs Station Ensemble-1982. 
Model O-J(T) = airy. 

Solution Data 
Coefficient Exponent (TI, <Ty{ri)) (T2,   0-,,(T2)) 

a M seconds PP10(13) seconds PP10(13) 

1.04 X 10-20 -1.11 900 23.50 1,800 16.00 

7.57 X 10-22 -0.76 1,800 16.00 4,500 11.30 

1.28 X ir2'* 0.0 4,500 11.30 7,200 11.30 

1.38 X 10-23 0.56 86,160 1.58 430,800 1.01 

4.90 X 10-27 0.06 430,800 1.01 861,600 1.03 
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Table 8 - NAVSTAR-6 vs Station Ensemble-1982. 
Model O-2(T) ^airY. 

Solution Data 
Coefficient Exponent (TI, (Ty{r\)) (T2,   0-J,(T2)) 

a /i seconds PP10(13) seconds PP10(13) 

3.55 X 10-20 -1.31 900 21.60 1,800 13.70 

1.27 X 10-21 -0.87 1,800 13.70 4,500 9.20 

4.16 X lO-^" -0.19 4,500 9.20 7,200 8.80 

4.95 X 10-24 -0.53 86,160 1.11 344,640 0.77 

2.22 X 10-" 1.88 344,640 0.77 430,800 0.95 

1.93 X 10-27 0.12 430,800 0.95 861,600 0.99 

Table 9 - NAVSTARs 3 & 4 (Rubidium) vs Station Ensemble-1982. 
Model (TJ{T) = airY. 

Solution Data 
Coefficient Exponent (TI, a-yiri)) (T2,   (TyW-i)) 

a M seconds PP10(13) seconds PP10(13) 

2.39 X 10-20 -1.26 900 21.35 1,800 13.80 

4.36 X 10-22 -0.72 1,800 13.80 4,500 9.90 

2.03 X 10-2" -0.09 4,500 9.90 7,200 9.70 

1.87 X 10-30 0.79 86,160 1.23 516,960 2.50 

4.15 X 10-26 0.03 516,960 2.50 861,600 2.52 
1                                          NAVSTAR-3 Anomaly 

3.03 X 10-31 1.94 2,700 11.70 4,500 19.20 

4.96 X 10-21 -0.86 4,500 19.20 7,200 15.7 
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Fig. 19 — NAVSTARs 3, 4, 5, and 6 composite frequency stability vs sample time, MS ensemble 
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Table 10 - NAVSTARs 5 & 6 (Cesium) vs Station Ensemble-1982. 
Model a-^ir) 

1 
= a(TK 

Solution Data 
CoeflBcient Exponent (TI, <Tyiri)) (T2.   0-J,(T2)) 

a /* seconds PP10(13) seconds PP10(13) 

1.85 X 10-20 -1.21 900 22.55 1,800 14.85 

9.50 X ir22 -0.81 1,800 14.85 4,500 10.25 

2.13 X  10^24 -0.08 4,500 10.25 7,200 10.05 

1.68 X 10-2* -0.40 86,160 1.35 430,800 0.98 

3.11 X 10-" 0.09 430,800 0.98 861,600 1.01 

Table 11 - NAVSTARs 3/4/5/6 (Cesium & Rubidium) vs Station Ensemble-1982. 
Model O-KT) = airy. 

NAVSTARs 
Used 

Solution Data 

CoeflBcient Exponent (TI, a-y(.Ti)) (T2,  0-„(T2)) 

a M seconds PP10(13) seconds PP10(13) 

3/4/5/6 

4/5/6 

4/5/6 

2.08 X 10-20 

5.98 X 10-22 

1.44 X 10-2'* 

-1.23 

-0.76 

-0.04 

900 

1,800 

4,500 

21.95 

14.33 

10.13 

1,800 

4,500 

7,200 

14.33 

10.13 

9.93 

Postulated Measurement Noise Process 
3/4/5/6 2.31 X 10-20 -1.25 900 21.95 86,160 1.28 

The long-term stabilities for the four NAVSTAR clocks are in close agreement for a 1-day sample 
time with a composite average of 1.3 parts per 10'^ (PP13). 

CONCLUSIONS 

• The NAVSTARs 3 and 4 rubidium clock (with drift removed) long-term stability values agreed 
closely. A random walk FM noise process was present for sample times of 1 to 10 days. These 
measurements are in good agreement with the expected rubidium long-term performance. 

• The NAVSTAR-3 rubidium frequency had a significant departure, from expected performance, at 
a sample time of 1.25 h. A possible cause is thermal fluctuations with a 2.5-h period. Perfor- 
mance is nominal for 900- and 1800-s sample times. 

• For sample times of 1 to 5 days, the NAVSTAR-6 clock exhibited better performance than the 
NAVSTAR-5 clock. The NAVSTARs 5 and 6 cesium clock long-term stability values agreed 
closely for sample times of 6 to 10 days. A flicker noise FM process was present, in both cesium 
clocks, for sample times of 1 to 10 days. 
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• For sample times of 2 to 10 days, the NAVSTARs 5 and 6 cesium clocks have better frequency 
stability results than the NAVSTARs 3 and 4 rubidium clocks. 

• White noise FM was measured, for both rubidium and cesium clocks, for short-term sample times 
of 900 and 1800 s. For sample times of 2700 s to 2 h, a gradual transition to an apparent, as yet 
unexplained, flicker noise FM was observed. 

• The 1-day sample time frequency stability measurements, for both cesium and rubidium clocks, 
were in close agreement with an average value of 1.3 x 10"'^. This average value agrees closely 
with the projection of the 900- to 1800-s segment, indicating an underlying white noise FM pro- 
cess for sample times ranging from 900 s to 1 day. 
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GLOSSARY 

Allan deviation — measure of frequency stability equal to the square root of the Allan variance 

Allan variance — time domain measure of frequency stability behavior adopted by the IEEE to evaluate 
clock performance 

Cesium clock — atomic clock regulated by the natural vibration frequency of atoms in cesium beam 
resonator 

Clock offset — time difference between a clock and a reference clock 

Confidence limits — extreme values on interval estimated to contain true value 

Ephemeris — calculated positions of a satellite at regular time intervals 

Epoch — reference time for a calculation 

Fractional frequency — ratio of the frequency minus the reference frequency to the reference frequency 

FM — frequency modulation 

GPS — Global Position System 

L-band — area of radio frequency spectrum between 390 and 1550 MHz 

Long-term frequency stability — calculated value based on sample times of 1 to 10 days 

MCS — master control station 

MS — ground monitor site 

NA VSTAR — GPS constellation satellite name 

Noise — variation of data from true values 

NSWC — Naval Surface Weapons Center 

P-code chip — the pulse of shortest duration in the GPS P-code sequence, which is equal in length to 
the code sequence clock period. For GPS, the P-code chip is equal to 1/10.23 MHz = 97.75 ns 

PM — phase modulation 

Pseudorange — measured distance from SV to MS, including clock offset and delay due to signal travel 
time (apparent time difference) 

Range — actual distance from SV to MS 

Rubidium clock — atomic clock based on gas cell containing mixture of rubidium vapor and neutral 
buffer gas 

Sample time (T) — time interval between two measurements used in calculating the Allan variance 
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Short-term frequency stability — calculated value based on sample times of 900-7200 s. 

Station ensemble — combination of monitor sites to produce average stability values 

5'K — space vehicle 

Time domain analysis - analysis with the independent variable being the sampling time rather than the 
running time 
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